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THE CONTACT PROBLEM FOR A SHALLOW SHELL
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The contact problem for a shallow shell containing a vertical crack is considered. The solution of the problem satisfies two inequality
restrictions describing the mutual non-interpenetration of the shell and a punch, and the condition of non-interpenetration for
the crack faces. The purpose of this paper is to investigate a control problem using external loading with an objective functional
describing the crack opening. The regularity of the solution is investigated near the tips of the crack. In particular, for a crack
with zero opening the solution is shown to below to the class C”. The convergence of the solutions of the optimal control problems
when the parameters are perturbed is analysed.

1. STATEMENT OF THE PROBLEM

Consider a shallow shell whose median surface occupies the domain Q, = O\I',, where Q C R’isa
bounded domain with smooth boundary I' and I'y is the graph of the functiony = y(x), x €[0, 1], (x,
y) € Q. Let x = (W, w) be the displacement vector for points of the median surface of the shell, and
W = (!, w?). We will introduce the following notation for the components of the strain and stress tensors

e;; =€ (W) + kyw

Oy =€ +tkey, Op=epntkey, Op=(1-kep
1 ow' ow’

gi(W)y==l —+— | x=x, x,=y
2{ox; ox

k=const, O0<k<!/,

We assume that the curvature of the shell satisfies k;; Cl(ﬁw). Here and throughout i,j = 1, 2,
The energy functional of the shell can be written in the form

I, (0) = Y4 Blw,w)+ J3(0;(W), €;(W))—(u,x)

where u = (uy, Uy, u3) is the external load vector, the brackets (- ,-) denote integration over Q,, and the
bilinear form describing the bending properties of the shell has the form

B(w,0)= [ (WyVy +wy 0 +hw v+ kw0, +2(1 - k)w, 0,,)dQ,,
£y

For simplicity we specify the following boundary conditions on the outer boundary
w=odw/on=W=0 on I'

The model of the shell under consideration is therefore described by the fact that its median surface
is identified with a plane domain, while at the same time the curvature of the shell is not in general
zero. Horizontal displacements in this model depend linearly on the distance z from the median surface

(see [1])
W(zZ)=W-zVw, 1zI1<$
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300 A. M. Khludnev

where z = 0 corresponds to the median surface. Let y € H?,(O, 1), and v be the normal to the curve y
= y(x), x € (0, 1). Then the condition of mutual non-interpenetration for the crack faces can be written
as follows:

[W-zVwlv=0 on Dy, I2I<8, v=(-y,D/y1+V;

where [V'] = V* — V" is the jump in the function V, while }'* correspond to the positive and negative
directions of v. We can write this condition in the equivalent form

[Wiv=d|low/av] on I (1.1)

We assume that the surface z = ®(x, y) describes the shape of the punch, (x,y) € Q, ® e CH(Q)NC(Q).
In this case the mutual non-interpenetration condition for the shell and the punch, in the linear
approximation, has the form [2, 3]

w-WV0=® in Q, (12)

Suppose further that the subspace HI’O(Q\,,) of the Sobolev space Hl(Q\,) consists of elements
which vanish on I". Elements from HZ'O(QV) vanish similarly together with their derivatives on T, HZ’O(Q.,,)
C H(Qy). We denote by H(Q,) the space H**(Q,) x H*¥(Q,) x H**(Q,) and introduce the set
of admissible displacements of the shell

Ks={(W,w) € HQ) (W,w) satisfy (1.1),(1.2)}

Here inequalities (1.1), (1.2) are assumed to be satisfied almost everywhere in the Lebesgue sense
onI', and in Q. We assume that ® < 0 on T, so that the set K is non-empty. The equilibrium problem
for a shallow shell with a solution satisfying the non-interpenetration conditions (1.1), (1.2) can be
formulated variationally

inf II,(0) (1.3)
1eKs

Because of the convexity and differentiability of the functional IT, on H(,) problem (1.3) is equivalent
to the variational inequality

IL(OFE-X)=0, xekKs VYiekKs

where IT,,(y) is the derivative of the functional I1, at the point x. This inequality has the form
B(W.W— W)+<k,~jﬁij,w - W)""((,ij»e,'j(W - W»" (ufi - X)?O (14)
XEKS‘ Vi=(W-1W)EK8

It can be proved that the functional I1, is coercive on H(Q,,)). Using the weak semicontinuity from
below of this functional, we verify that a solution of the equilibrium problem (1.4) exists. It will be unique.

We shall investigate the problem of controlling the external loads with an objective functional
describing the crack opening [4]

Js(u)= | |[X]ldr\v

Ty

where y = y(u) is the solution of the variational equation (1.4).
Let U C [LYQ)] be a convex, closed and bounded set. The problem of finding the crack with the
least opening can be formulated as follows:

inf Jg(u) (1.5)
uel
Here and below we emphasize the dependence of the objective functional on 8, because later we

shall investigate the convergence of the solutions of problem (1.5) when § — 0.
Suppose that § is fixed for the time being. We shall prove that a solution of the optimal control program



The contact problem for a shallow shell with a crack 301

(1.5), (1.4) exists. We choose a minimizing sequence u,, € U. It is of course bounded in L*(Q), and so
we can assume that

Uy — uweaklyin LX(Q), ue U (1.6)
For every m one can find a unique solution %, € Kj of the problem
0, (Xn)X-Xm)=0 VEe€Ks (17)
Fixing the test function %, we derive the estimate

"x'”"il(nv y =€
which is uniform with respect to m.
Having by necessity to choose the sequence, we assume that as m — oo

Am — % weakly in H(Q,)), strongly in LZ(QV) (1.8)

The convergence of (1.6) and (1.8) cnables us to take the llmlt in (1.7) and thus show that y = y(u).
Moreover, additionally assuming that x5, — x* weakly in L (Ty), we obtain

‘%IEI{/ Js(a)= lu”ril_'glfls(um) =J5(u)= ;25 Js ()
This also means that u is a solution of problem (1.5), (1.4). The assertion is proved.

2. THE SMOOTHNESS OF THE SOLUTION

We note that if the crack opening is zero on I', i.e. [x] = 0, the value of the objective functional
Js(u) is zero. We also assume that near I, the punch does not interact with the shell. It turns out that
in this case the solution y = (W, w) of problem (1.4) is infinitely differentiable in a neighbourhood
of points of the crack. This property is local, so that a zero opening of the crack near the fixed
point guarantees infinite differentiability of the solution in some neighbourhood of this point. Here it
is undoubtedly necessary to require approprlate regularity of the curvature k; and the external forces
u. The aim of the following discussions is to justify this fact. Here the external load u is taken to be fixed.

Let O C R? be a bounded domain with smooth boundary y and outward normal n = (n,, n,). We
introduce the following notation for the bending moment and shear forces on ¥y

m(w)=kAw+(1-—k)&, t(w)=iAw+(l—k) ’ , §=(=ny,m)
on® on ond’s

The quantities m(w) and t(w) can be interpreted as elements from the spaces H-*(y) and H?(y),
respectively if w e H(0), A*w e L*(0). Moreover, the following generalized Green’s formula holds

Bo(w,u)=<m(w),?> —(t(w),\))%_y+(A2w,1)){,, VDEHZ(O) (2.1)
nily

The symbol O means that the integration is performed over O, while the brackets (- ,-),, denote the
duality between H?(y) and H?(y). All the conditions, imposed on the operators m(w), t(w) and necessary
for the validity of formula 2.1), are verified in [6]. Another Green’s formula is also needed. Suppose
that e (v1, ;) € L¥0), div 8 € L%(0). Then the quantity 6r is defined on the boundary as an element
of H™2(y), and we have the formula [7]

(dive,w), =(Bn,w), -(8,Yw),, VweH'(0) (2.2)
3
We shall investigate the regularity of the solution in a neighbourhood of the crack tip x* = (1, 0).

Suppose first, that (W, w) is a solution of the equilibrium problem (1.4). We assume that a neighbourhood
W of the graph T, exists such that for any function ¢ € Cy”(W) there is an € > 0 for which
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£¢ + w — WV® = ® almost everywhere in WAI',, (2.3)
Condition (2.3) can be interpreted as the absence of contact between the shell and the punch in

v
'We smoothly continue the function y(x) forx > 1, keeping the previous notation. We take an arbitrary
function ¢ € C5°(R(x%)), where R(x") is a circle centred at the point x° such that R(x®) C W. Then

[(9p/3v]=0 on R(G°)NI,

From what has been said, for small € > 0 the function (W, ¢ + w) belongs to the set K. Outside
R(x") the function ¢ can be taken to be zero. We now substitute (W, ep + w) into (1.4). We arrive at
the inequality

B,(w, ) + B_(w, 9) + (k;Ty, 9) = (u3, ®) 24)

The plus and minus subscripts denote integration over O* and O™, respectively, where O* = R(x*)
N {y > y(x)}, and similarly for O". The boundaries of the domains O* are denoted by y*. Note that
when (2.3) holds, the equation

Alw + k,-,o,-,- = Us (2-5)
is satisfied in WAL, in the distribution sense.

In order to veri},y this, it is sufficient to substitute test functions of the form y, + €0 into (1.4), where
0 is an infinitely differentiable function with support W\FE, and € is a small quantity. Thus, applying

Green’s formula (2.1) to B.(w, ¢) in (2.4) and using Eq. (2.5), we obtain
d
<m(w),33> — (W), 9)y, - +<m(w),—(';> —(tW). @)y (+ =0 (2.6)
on” [y y- g n* [y 2

Note that in view of the smoothness of the solution the function AZw + k;iGj — us is zero almost
everywhere in WAI',, and so the integral over the domain vanishes,_

Below, v will also denote the normal to the continued graph I'y of the function y(x). Using the
arbitrariness and finiteness of ¢ in R(x"), from (2.6) we find

(lm(w)}, 3(9/3")}/2’, =0, ([t(W)].(P)s/z,Y =0, VoeCy(R(x") 2.7
where v can be taken to be either y* or y". The proven identities (2.7) mean that
[m(w)]=0, [t(w=0 on T, (2.8)
When conditions (2.3) are satisfied we also have the following distribution equations
—ao,-i/an = U; in W\I‘w (29)
This is proved simultaneously with (2.5).
Suppose that the function 6 = (8,, 8,) belongs to Cy'(€2) and has support in R(:%). Then, as before,

for small € > 0 we have (W + €0, w) € K;. We substitute (W + €0, w) into (1.4) as a test function. We
obtain

(0 E4O)), + (0, £(0))_ = (u;, 8))
Using Green’s formula (2.2), it follows from this that
—([a,.,v,.l,e,.)yrY —(30;/0x;,8;), ~(30;; / 3x;,8,)_ = (u;,0,)
where one can take either y* or ¥ to be y. Bearing in mind Eq. (2.9), the relation obtained gives

(loyv; 1,9,.)%‘y =0, V0eCy(R(x%)
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ie.
[o;v;,1=0 on T, (2.10)

The established properties (2.8) and (2.10) enable us to investigate the regularity of the solution in
a neighbourhood of the crack tipx" in the case when there is no contact between the shell and the punch
near to x°, and the crack opening is zero.

Theorem 1. Suppose that ky, u € C™(R(x")), that condition (2.3) is satisfied, and that [x] = 0 on R(x")
N T,. Then x € C*(R(Y)).

Proof. We shall show that Eq. (2.5) is satisfied in the distribution sense in R(x"). The condition of the
theorem and inequality (1.1) ensure the validity of [ow/av] = 0 on R(x") N Iy Bearing in mind that w
€ HYO%*) and that [w] = 0 on R() N T, we conclude that w € H*R(x")).

Note that Eq. (2.5) is satisfied in O%, and so A%w € L%(0%).

Let the brackets (-, ¢) denote the action of the distribution on the element ¢. We choose ¢ € CH(R(:Y)).
Using formula (2.1) we have

2 — =
(A°w, @)= B, (w, 9)+ B_(w,9) =—([m(w)], d¢ / 3\')}/2,, +{[t(w)}, (P)y” +
+(A’w, @), +(A%w, @)_
The jumps [m(w)], [t(w)] are zero, from which the necessary equations that prove the assertion follow
(AW + k0 — 3, 0) = (APw + k0, — u3, @), + (AW + kO —u3, @)_ =0,
Vo e Cy(R(x%))

We shall now show that Eq. (2.9) is satisfied in R(x"). Because [W] = 0on R(®) N IyandWe HY(0%),
we have W e H'(R(Y)).

Consequently, 6; = o;(x) € L*(R(x%)). From the validity of Eqs (2.9) in O*, we conclude that do;; /dx;
e L*O%). This means that one can apply Green’s formula (2.2) to the domains O*.

Let ¢ € C o(R(:%)). We have

—(90,; 1 9x; +u;, 9) =(0;;, 09/ 9x;), +(0;, 09/ ox;)_ —(u;, §) =
=—([o;v;]), <p)%‘7 ~(d0; / 9x; +u;, @), —(90; / Ox; +u;, @)_ =0 (2.11)

However, the jumps [o;v;] are zero, and Eqs (2.9) are satisfied in O*. Hence the right-hand side of
(2.11) vanishes, which implies the validity of

—acijlaxj:u,- in R(xo) (2.12)

in the distribution sense. Equations (2.12) can be written as linear equations in two-dimensional theory
of elasticity

LW)=F in R(®) (2.13)

with right-hand side F = (f}, f,), where f; = uy + (kyw + kkypw), + (kiow), and f; is defined similarly.
Moreover, Eq. (2.5) can be conveniently represented in the form

Alw = us — kipu in R(xo) (2.14)

The right-hand side of Eq. (2.13) belongs to H'(R(x")) and the right-hand side of (2.14) belongs to

L*R(x"). Applying in turn the results on the internal regularity of the solutions of Eqs (2.13) and (2.14)
[5, 9], we obtain the necessary inclusion

x = (W, w) e C~(R(x?) (2.15)

The theorem is proved.
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‘We will make a number of remarks. For the inclusion (2.15) to be valid it is sufficient only to require that (2.3)
is satisfied in R(xo)\l“v for ¢ € C(R(Y)).

According to inclusion theorems the function w is oontmuous in Q Hence if V® = 0 in some neighbourhood
W of the graph Ty andw > @ in W (and in partxcular, w*>donTl ) then condition (2.3) is obviously satisfied.

Ifx% is an mtemal point of the crack, i.e.x’e T’ vy, if condmon (2.3) is satisfied and if [x] = 0 nearx?’, then
the corresponding assertion on the infinite dlfferentlablhty of ¢ can be proved more simply.

We note that there have been investigations [10-12] of the asymptotic properties of solutions of the equations
of the theory of elasticity and the biharmonic equation near the crack tip. Problems of choosing so-called extremal
crack shapes have also been investigated [13, 14].

3. THE CONVERGENCE OF THE SOLUTIONS AS 3 - 0

We consider the limiting case corresponding to § = 0 in (1.1). A restriction obtained in this manner
corresponds to the condition of mutual non-interpenetration of the sides of the crack without including
the thickness of the shell. We note that in taking full account of the thickness one must bearing mind
that the stresses o;; and the moments m(w) and shear forces ¢(w) depend on 8. Thus & = 0 in (1.1) carries
the implication that the thickness of the shell is taken to be fixed, and the non-interpenetration conditions
on the crack faces are described approximately.

Thus, in the case under consideration the solution satisfies the following restrictions

[Wlv=0on I,; w-WV®=din Q, 3.1
The set of admissible displacements in this case has the form
Ky = {(W, w) e H(Q,)|(W, w) satisfy conditions (3.1)}

Here the solution of the problem of minimizing the functional I1, on the set Kj is equivalent to the
solution of the following variational inequality

MLXX-X)=0, xeKo VIieKo (32)
Let the set U be chosen as before. We consider the optimal control problem

lanb(uL Jo(u)= j {{x}dT, (33)

Ty

where y is defined in (3.2) for given u. A solution of problem (3.3), (3.2) exists (but we will not dwell
on the proof).
We introduce the following notation

jg = inf Jg(u), jo = inf Jo(u) (3.4)
uel uel

The connection between solutions of problems (3.3), (3.2) and (1.5), (1.4) is characterized by the
theorem given below. Let ug be the solution of problem (1.5), (1.4), while x5 corresponds to us and is

given by (1.4).

Theorem 2. Let V® = 0 in some neighbourhood W of the graph I'. Then one can choose from the
sequences Uz , X5 subsequences such that as § — 0

us — ug weakly in LX(Q); x5 — %o weakly in H(Qy); js = Jo
where ug is a solution of problem (3.2), (3.2), and y, corresponds to ug and is given by (3.2).
Proof. Let y5(u) be a solution of the variational inequality (1.4) with given fixed u € U. We take an

arbitrary element ¥ € K5, Then % € Kj for all 8 < 8. We substitute X into (1.4) as a test element. We
arrive at the estimate

s (“)Iu(n, y=¢
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which is uniform with respect to 8 < §). Consequently, one can assume that when 8 — 0

xs(ee) — ¥ weakly in H(,) 3.5)
[x5(u)] — [¥) weakly in L'(T'y) (3.6)
8| [9ws(u)/av]| - O strongly in LX) (3.7

We choose an arbitrary element ¥ € K and construct, in accordance with the lemma (see below), a
sequence Y5 € K5 which strongly converges to ¥ in H(Q,,). Substituting the 5 as test functions into
inequality (1.4), using (3.5) we take the limit 8 — 0. Condition (3.7) ensures the inclusion ¥ € K. The
limiting variational inequality has the form

MEE-D>0, 1Ky, VIeKk,
which means ¥ = yx(u). Here, from (3.6), we obtain
Jsu) > Jo(uw), 8—0 (3.8)
Suppose that u is now a solution of the optimal control problem (3.3), (3.2). From (3.8) we have
Js =< J5(u) = Jo(u) = jo
Hence
lim sup j5 < j; 3.9
On the other hand, bearing in mind the boundedness of the set U, we can assume
besd 2 ) < (3.10)
uniformly with respect to 8. Then from the variational inequalities
m,, (L)X -xs)>0, Xs<Ks, VEeK; (11
we derive the estimate
bslica,, <© (3.12)

uniform in 3.
According to (3.10) and (3.12), we can assume without loss of generality that

us — ug weakly in LX(Q)
X5 — Xo weakly in H(Q,), strongly in Lz(ﬂw)
8| [ows(u)/ov]| — 0 strongly in L2(I‘.,,)

This convergence, and the lemma proved below, enable us to take the limit in equality (3.11) and
thus obtain

H:,o XXX —%0)=0, Xo€Ky VY€K,
so that xo = x(up). As in the proof of relation (3.8), it can be shown that J5(us) — Jo(g) and therefore
lim inf j5 = Jo(up) (3.13)

Comparing (3.9) and (3.13), we conclude that u, is a solution of the optimal control problem (3.3),
(3.2) and jz — jo. The theorem is proved.
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It remains to establish the assertion used in the proof of Theorem 2.

_Lemma. Let V® = 0 in some neighbourhood W of the graph I',. Then for any fixed element ¥ =
(W, W) € K, one can construct a sequence %5 = (Ws, w5) € K such that

(Ws, ws) > W, wstrongly in H(Qy) (3.14)
Proof. We construct a function W from the space [H%(Q,)]* equal to zero outside W and with the property
(Wiv=aw/av) on Ty

If such a function is constructed, the sequence (W3, wg) = (W + 8, w) will be found. Indeed, the convergence
of (3.14) is obvious, and moreover

Wy - WVO > @ in Q; [Wylv>3lawg/av) on Ty

We therefore choose a simply connected domain O, O C Q with smooth boundary y such that I'yisapartof ¥y,
and the outward normal n = (n,, n,) to ¥ coincides with v on I',. We put g = —|[0w/on]|. Theng € HY(y), with
& = O outside I, Since the components of the normal n belong to Cl(y), we have gn € [H*(y)]>. Hence a function
wWe [Hl(O)]2 exists such that [5] W° = gn on v.

We put W? = 0 outside O. Let ¢ be an infinitely differentiable function on Q such that ¢ = lonTyand ¢ =0
outside W. The required function W is obtained as follows: W = oW

The lemma is proved.

In conclusion we note that the conditions of Theorem 1 do not, in general, ensure the validity of the
inclusion (2.15) for the solution 3 = (W, w) of problem (3.2). This is related to the fact that in the
case of problem (3.2) the jump [0w/dV] is not, in general, zero on I', N R(x"), and hence when [x] =
one cannot assert that w ¢ H*(R(x")).
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